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Abstract 
Let L be the set of all additive and hereditary properties of graphs. For P1, P2 E L we define 
the reducible property R = P1P2 as follows: G E PtP2 if there is a bipartition (V~,/1"2) of V(G) 
such that (V~) E Pi and (V2) E P2. For a property P E L, a reducible property R is called a 
minimal reducible bound for P if P C_ R and for each reducible property R ', R ' C R ~ P ~ R'. 
It is proved that the class of all outerplanar graphs has exactly two minimal reducible bounds 
in L. Some related problems for planar graphs are discussed. 
O. Introduction 
In connection with the Four Colour Problem, different types of partitions of the 
vertices of planar graphs have been investigated and many interesting unsolved graph 
colouring problems remain. The aim of this note is to propose a concept which enables 
one to compare different problems and to decide on the strength of obtained results. 
We consider finite undirected simple graphs. In general, we follow the notation and 
terminology of [3]. Let us denote by 1 the set of all mutually nonisomorphic graphs. 
If P is a nonempty subset of I, then P will also denote the property that a graph is 
a member of P. A property P is said to be hereditary if G E P and H C_ G (H is a 
subgraph of G) implies H E P. A property P is called additive if for each graph G 
all of whose components have property P it follows G E P, too. 
The set L of all additive hereditary properties of graphs partially ordered by set in- 
clusion forms a complete distributive lattice, where the operation of join, denoted by/~ 
corresponds to the set intersection. Many known properties of graphs are both heredi- 
tary and additive. Let us list some of them to introduce the notation used in the sequel. 
0 = {G E IIG is totally disconnected}, 
Ok = {G E II each component of G has at most k + 1 vertices}, 
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Sk = {G e tl A(C)<k},  
Qk = {G E I] the length of the longest path in G does not exceed k}, 
Dk = {G E I[G is k-degenerate}, 
Tk = {G E IIG contains no subgraph omeomorphic to Kk+2 or K[~.~j,[~_~] }, 
Ik = {G E I[G does not contain Kk+2}. 
For any hereditary property P ¢ I there is a nonnegative integer c(P), called com- 
pleteness of P, such that Kc(t,)+l E P but Kc(e)+2 ~ P. Obviously 
c( Ok ) = c( & ) = c( Q, ) = c( Dk ) = c( Tk ) = c( lk ) = k 
and c(P) = 0 if and only if P = O. 
Any hereditary property P is uniquely determined by the set F(P) = {H E I; H f~ P 
but for each H t cH ,  H'  E P} of minimal forbidden suboraphs (see [3]). 
Let PI, P2 .. . . .  Pn be any properties of graphs. A vertex (Pl, P2 . . . . .  Pn)-partition of a 
graphs G is a partition (V1, V2 . . . . .  Vn) of V(G) such that the subgraph IV,.) induced by 
V,- has the property Pi for each i = 1,2 .. . . .  n. For Pi, P2 .. . . .  P~ we define the property 
R = P1P2...P~ as follows: G E R if and only if G has a vertex (PI,P2 ..... pn)_ 
partition. 
If Pl =/}2 . . . . .  P~ we write R = Pn. A property P E L is said to be reducible if 
there exist PI,P2 E L such that P = P~P2, otherwise P is called irreducible. (For the 
basic properties of the reducible properties ee [7].) It can be proved that each property 
P for which F(P) contains a bipartite graph is irreducible, so that Sk, Qk,Dk, Tk are 
irreducible properties for each k ~> 0. 
For a given irreducible property P E L a reducible property R E L is called minimal 
reducible bound for P if P c_ R and for each reducible property R 'c  R,P ~ R ~. 
There are many known results on the reducible bounds for the class /'3 of all planar 
graphs. For example: 
(1) Four Colour Theorem (Appel and Haken [1]): T3 C 04; 
(2) Partition of planar graphs into linear forests (Poh [8]): /'3 C(DI A $2)3; 
(3) 5-colour theorem on acyclic colouring (Borodin [2]): /'3 c_ OD~l. 
In this note we prove that there are exactly two minimal reducible bounds for the 
class of outerplanar graphs: 7"2 C OD1 and T2 C(DI A S2) 2. The analogous problem 
for planar graphs seems to be extremely difficult. We present a construction which 
indicates that the bound (2) is sharp in some sense. 
1. Outerplanar graphs 
To prove our main theorem we need recall some simple results of [3]. 
Lemma 1. Let P1,P2 be any additive hereditary properties of graphs and R = PIP2. 
Then 
(a) R is additive and hereditary and c(R) = c(Pz) + c(P2) + 1, 
(b) P1 c R and P2 C R, 
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(c) P1 C_P2 if and only if for each H E F(P2) there is an H' E F(Pl)  such that 
H'C_H, 
(d) Pl C_ P2 implies c(P1)<<.c(P2). 
The following lemma is based on the modification of a construction of [4]: 
Lemma 2. Let T be any tree and F(P1) contains a path Pk on k vertices. If 
T E F(P2), then there exists an outerplanar graph G such that G ~ PIP2. 
Proof. Let the maximum degree of the tree T, A(T) = s, and the radius of the tree 
T, r(T) = r. Let us construct a graph Gk, s,r as follows: 
Let H0 = Pk be a path on k vertices and for i -- 1,2 . . . . .  r, and let the graphs Hi 
consist of the disjoint union of k(ks) i-1 paths Pk~ on ks vertices. For given k,s,r, let 
the graph Gk, s,r be formed by the disjoint union of the graphs Hi, i = 0,1,2 .... r and 
by adding the new edges joining each vertex v E V(Hi), i = 0, 1 . . . . .  r - 1 with all 
vertices of a component Pk~ of Hi+l such that the paths chosen for different vertices 
of V(Hi) be mutually disjoint. 
Since every block of Gk, s,r is isomorphic to K1 +Pe~, Gk, s,~ is outerplanar. To show 
that Gk, s,r f~ P1P2 let us assume (Vl, V2) be a (P1,P2)-partition of Gk, s,~. Then, at 
least one vertex of H0 and at least s vertices of each component of Hi, i = 1,2 .... , r, 
belong to V2 (since Pk E F(Pl ). However, then (V2)6 contains a subgraph isomorphic 
to T, which contradicts the fact that T E F(P2). [] 
Theorem 1. For the class 1"2 of all outerplanar graphs there are exactly two minimal 
reducible bounds: 
R1 = ODl and R2 = (D1 A S2) 2. 
Proof. Since each outerplanar graph is 2-degenerate, by induction on the number of 
vertices it is easy to prove that the vertices of each outerplanar graph can be partitioned 
into one linear forest and a set inducing the forest (see also [2]). It is known (see 
[4, 6]), that the vertices of each outerplanar graph can be partitioned into two linear 
forest. Hence T2 C_ Rl and T2 C_ R2, respectively. 
Since the completeness c(R1)  = 2 < c(R2)  = 3 and the graph H = KI,3 +/~ 3 E ODI 
but does not belong to (D1 A $2) 2, we have obtained two noncomparable r ducible 
bounds R1, R2 for T2. 
To prove that the bounds Rl and R2 are minimal for T2 in L, let us consider 
any reducible bound P1P2 for T2. We are going to prove that either Rl C_PIP2 or 
R2 C_ PIP2. We shall distinguish two cases: 
(i) F(P1) or F(P2) contains a path, say Pk E F(P1); 
(ii) neither F(P1), nor F(P2) contains a path Pk. 
In the case (i), by Lemma 2 F(P2) does not contain any tree T. According to 
Lemma 1, O C_ P1 and DI C_ P2, which implies R1 C_ PIP2. In the case (ii), D1AS2 C_ Pi, 
i = 1,2 and thus (D1AS2)2C_PIP2. [] 
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2. Planar graphs 
Obviously, if PC_PIP2, then PC_(PI A P2)(P2 A P). Therefore for the class /'3 
of planar graphs the Four Colour Theorem (1) immediately implies the following 
reducible bounds: /'3 _C(O 2 A /'3) 2 and T3 C_ 0 (0  3 A T3). Both mentioned bounds 
for 7"3 are better than T3 C_ 0 4. The bound (2) T3 C_ OD~ proved in [9], which 
follows also by Borodin's 5-colour theorem for acyclic colouring of planar graphs 
(see [2]) is not minimal since C. Thomassen (private communication) proved 
T3 COD3, which is better since 03 cD)DI .  The bound T3 C(Ol A S2) 3 proved by 
Poh [8] also seems not to be minimal, comparing to the conjecture of Cowen et 
al. (see [5]) that the vertices of each planar graph could be partitioned into one 
independent set and a set inducing the outerplanar graph. However the following 
theorem indicates its sharpness at least in the sense of the partition into three 
parts. 
Theorem 2. Let Pk E F(P1),K1,t E F(P2) and gl ,  r E F(P3) for  any k>.2,r,t>~l. 
Then there exists a planar 9raph G such that G f~ PlP2P3. 
Proof. Let s = max{t,r} + 1 and Gk, s,l be an outerplane imbedding of the graph 
constructed in the proof of Lemma 2 with V(Ho) = {vl,v2 .. . . .  vk} and V(H1) = 
{wl,w ~ ..... w~,w~,w~ ..... wZ,. . . ,wf ,  w*2 . . . . .  w~}. Let us construct he graph G by 
adding into each triangle of Gk, s, 1, consisting of a vertex vi C V(Ho) and two adjacent 
vertices wj, w)+ l of H1, new vertices and edges such that the obtained subgraph be 
isomorphic to the graph Xk, t,r = K2 + Pk(t+r) with V(K2) = {vi, w j} , i  = 1,2 . . . . .  k; 
j = 1,2 .. . . .  ks -  1. 
If (//"1,//"2,//3) is a vertex (P1,P2,P3)-partition of V(G), then it is easy to see that 
there exist vi E V(Ho)-  V1 belonging to the different partition classes, say vi E V2 and 
w~. E //3. However, in this case the graph Xk, t,r has no (Pl,Pz, P3)-partition, implying 
G q~ PIP2P3. [] 
Corollary. T3 ~ Q~StSr for k, t, r >i O. 
The corollary is an extension of Theorem 3 of [5], which states /'3 ~ S 2 for any 
nonnegative integer k. The problem of finding at least one minimal reducible bound 
for the class of all planar graphs seems to be very difficult. In this connection, the 
structure of the reducible properties in the lattice L is of interest. 
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